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Piezoceramic materials exhibit diﬀerent types of nonlinearities depending upon the magnitude of the mechanical and elec-
tric ﬁeld strength within the body. Some of the nonlinear phenomena observed under weak electric ﬁelds near resonance fre-
quency excitation are the presence of superharmonics in the response spectra and the jump phenomena etc. In this work, an
analytical solution for the nonlinear response of rectangular piezoceramic slabs have been obtained by Rayleigh–Ritz
method and perturbation technique in the 3-D domain using a generalized nonlinear electric enthalpy density function.
Forced vibration experiments (excitation with electric ﬁeld) have been conducted on a rectangular piezoceramic slab at vary-
ing electric ﬁeld amplitudes and the analytical solutions have been shown to compare very well with the experimental results.
 2006 Elsevier Ltd. All rights reserved.
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Piezoelectric materials are ﬁnding increasing number of applications such as active vibration and shape
control, ultrasonic motors etc. These materials exhibit diﬀerent nonlinearities such as dielectric and butterﬂy
hysteresis, jump phenomena, presence of superharmonics in response spectra etc. Over the years, many models
have been developed by the researchers for predicting the nonlinear responses of piezoelectric materials under
strong electric ﬁelds due to ferroelectric domain switching and associated phenomena (Huber et al., 1999; Davı´
and Mariano, 2001; Kessler and Balke, 2001; Landis, 2002). Huber and Fleck (2001) have developed a theory
for multi-axial ferroelectric switching of polycrystalline ferroelectric ceramic, conducted experiments on diﬀer-
ent PZT-5H samples and compared the theoretical results with those of experiment. However, for the nonlin-
ear response of piezoelectric materials under weak electric ﬁelds such as jump phenomena and presence of
superharmonics in the response spectra, there have been a few research works in literature and the analytical
solutions are mainly restricted to 1-D domains. Hence, it is important to develop an analytical formulation,0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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ing of the phenomena.
The coupling of mechanical and electrical properties of piezoelectric materials makes the analytical solution
complicated. Piezoelectric plates composed of orthotropic or anisotropic layers are usually analyzed using
laminated composite plate theory. For the analytical solution of these plates, Pagano (1970) ﬁrst presented
the exact solution of a laminated plate under cylindrical bending. Ray et al. (1992, 1993a,b), Heyliger and
Brooks (1996) extended this methodology to develop the exact solutions for the piezoelectric laminated plates
with the help of Eshelby-Stroh formalism. Taking the thermal eﬀect into account, Xu et al. (1995) presented a
3-D analysis for the coupled thermo-electro-elastic response of multilayered hybrid composite plates with four
simply supported edges by using the state space method. Using the approach of Pagano (1970), Dube et al.
(1996) have developed a series solution method for a single layer thermo-electro-elastic plate subjected to
cylindrical bending.
To solve the dynamic problem of piezoelectric array actuator elements, several simpliﬁed solutions for
modeling the linear piezoelectric behavior in 1-D, 2-D and 3-D domains were tried. Ray et al. (1998a) present-
ed an exact solution for analyzing dynamics of composite plates with piezoelectric layers bonded at the top
and bottom surfaces. Later, Ray (1998b) presented also the closed-form solution for the optimal control of
ﬂexural vibration of a simply supported symmetric laminated plate. Wolf and Gottlieb (2001) derived the non-
linear equations of motion for a 1-D cantilever beam covered by PZT layers in symmetric and asymmetric
conﬁguration. By deﬁning a nonlinear enthalpy function as a function of nonlinear strain and applying Ham-
ilton’s principle, they derived the equations of motion in 1-D piezoelectric continuum and solved them by per-
turbation analysis and multiple scales method.
Beige and Schmidt (1982) ﬁrst observed the nonlinear phenomena under weak electric ﬁelds such as pres-
ence of superharmonics in the response spectra and jump phenomena etc. while conducting experiments on
PZT materials. They modeled these nonlinearities under weak electric ﬁelds using higher order quadratic
and cubic elastic terms in the electric enthalpy density function. However, their models and solutions tech-
niques are restricted to 1-D piezoelectric continuum. Later on, von Wagner and Hagedorn (2002) studied
the nonlinearity in a piezo-beam system. von Wagner (2003) and Neumann (2002) also predicted the ampli-
tude of displacement and current responses of piezo-rods of diﬀerent diameters using a 1-D nonlinear formu-
lation which used the nonlinear damping theory (for deriving the virtual work done by the dissipative damping
forces). Samal et al. (2006a) developed a generalized 3-D formulation for modeling the nonlinear behavior of
piezoelectric materials under weak electric ﬁelds using a 3-D nonlinear electric enthalpy density function
expression and nonlinear dissipative work expression dWD in the extended Hamilton’s principle. Samal
et al. (2006a) also developed a ﬁnite element (FE) solution procedure for the above generalized nonlinear mod-
el and applied it to solve diﬀerent problems in the 2-D and 3-D domain and compared the FE results with
those of experiment (Samal et al., 2006b).
In this paper, a closed form solution for displacement and current responses of a simple rectangular geom-
etry has been developed in 3-D domain based on the nonlinear electric enthalpy density function and virtual
work (due to nonlinear damping forces) of Samal et al. (2006a). Experiments have been conducted on a rect-
angular piezoceramic slab and the displacement and current responses have been compared with those of
closed form solution. The paper is organized in seven sections. The ﬁrst section furnishes a brief overview
of the current literature available on analytical solution techniques for modeling of piezoelectric material
behavior. Section 2 describes brieﬂy the generalized nonlinear electric enthalpy function used in this analysis.
In the third section Hamilton’s principle is applied to the nonlinear piezoelectric continuum whereas the
fourth section outlines the steps of the analytical technique that is followed for the solution of the response
of a rectangular piezoelectric slab and the details of the method are described in the ﬁfth section. The com-
parison of analytical solutions with those of experiment is discussed in sixth section followed by a conclusion
in the seventh section.
2. Generalized nonlinear constitutive equation of the piezoelectric continuum
The linear electric enthalpy density function for a coupled piezoelectric continuum is written in the standard
tensor notation (IEEE standard, 1988) as
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where i = 1, . . . , 6, j = 1, . . . , 6, m = 1, . . . , 3, n = 1, . . . ,3, Si is the six-component engineering vector form of the
symmetric inﬁnitesimal strain tensor (the components being: S1 = Sxx, S2 = Syy, S3 = Szz, S4 = Syz, S5 = Szx,
S6 = Sxy in the Cartesian (xyz) co-ordinate system), Em is the three-component electric ﬁeld vector, Cij is linear
elasticity matrix, dmi is the linear piezoelectric coeﬃcient matrix and t0mn is the linear dielectric coeﬃcient ma-
trix. For repeated indices, Einstein’s summation convention is implied in the tensorial expressions.
In order to model the nonlinearities in a coupled piezoelectric medium, the linear electric enthalpy density
function was modiﬁed by Samal et al. (2006a) incorporating higher order terms (viz., quadratic and cubic in
strain and electric ﬁeld vector) in the energy expression of the coupled piezoelectric domain and hence is writ-
ten asHnonl ¼ 1
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where C1ij is the quadratic elasticity matrix, C21ij and C22ij are the cubic elasticity matrices at constant electric
ﬁeld, respectively. The superscripts E and S (representing matrices at constant electric ﬁeld and constant
strain) are omitted for clarity. c11mj and c12mj are the quadratic piezoelectric matrices, c21mj ; c22mj and c23mj are
the cubic piezoelectric matrices, t0mn ; t1mn ; t21mn and t22mn are the linear, quadratic and cubic dielectric matrices
at constant strain ﬁeld, respectively. The vectors with superscripts 2 and 3 are deﬁned as the vectors with
square and cube of individual terms of the vectors.
The quadratic terms signify that if the stress and electric displacement ﬁelds are derived alone from these
terms of the nonlinear enthalpy expression, we will get a quadratic dependence of stress on strain (also on elec-
tric ﬁeld due to the coupling term) and quadratic dependence of electric displacement on electric ﬁeld (also on
strain due to the coupling term). Similar observations hold for the cubic terms. Using this expression of Hnonl
and the virtual work done by damping forces, the closed form solution for a 3-D rectangular slab geometry
has been derived in this work using Hamilton’s principle.3. Hamilton’s principle
The dynamic equations of a piezoelectric continuum can be derived from Hamilton’s principle, in which the
Lagrangian and the virtual work are properly adapted to include the electrical, mechanical as well as the cou-
pled electro-mechanical terms. The potential energy density of a piezoelectric material includes contributions
from strain energy and electrostatic energy. The Hamilton’s principle can be written as (Landau and Lifshitz,
1984)d
Z t1
t0
Z
V
LdV
 
dt þ
Z t1
t0
dW dt ¼ 0; ð3Þwhere t0 and t1 deﬁne the time interval, L is the Lagrangian, deﬁned in terms of the kinetic energy density Tke
and electrical enthalpy density H as L ¼ ðT ke  HÞ, dW is the virtual work done by external mechanical and
electrical forces including damping. From the experiments carried out at diﬀerent electric ﬁeld magnitudes, it
was observed that the damping properties of the material depends upon the magnitude of electric ﬁeld exci-
tation and the dependence is not linear (as opposed to the linear viscous damping assumption in many anal-
yses) especially for soft PZTs. In order to better describe the damping in the coupled piezoelectric domain, a
generalized nonlinear damping model was developed by Samal et al. (2006a), which considers linear as well as
higher order time derivatives of both strain and electric ﬁeld vector in the virtual work expression by damping
forces dWD and the expression for dWD , is written as (Samal et al., 2006a)
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where Cð0Þdij and C
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dij are the linear and quadratic elastic damping matrices, C
ð2Þ
d1ij and C
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d2ij are the cubic elastic
damping matrices, c0dim is the linear piezoelectric damping matrix, c
ð1Þ
1dim
; cð2Þ1dim are the quadratic piezoelectric
damping matrices, cð1Þ2dim ; c
ð2Þ
2dim ; c
ð3Þ
2dim are the cubic piezoelectric damping matrices, t0dmn and t1dmn are the linear
and quadratic dielectric damping matrices, t2d1mn and t2d2mn are the cubic dielectric damping matrices, respec-
tively. These matrices are also called the dissipative constant matrices.
4. Development of an analytical solution technique
Analytical solutions for prediction of dynamic displacement and current responses of piezoelectric systems
are important in several aspects, i.e., to obtain an in-depth understanding of the underlying phenomena, ver-
iﬁcation of ﬁnite element formulation, material property identiﬁcation etc. The overall strategy for the deri-
vation of the analytical solution is described here below.
(i) Step 1: The nonlinearities modeled in this work (i.e., under weak electric ﬁelds) are observed when the
system is excited near resonance frequency. In order to obtain the dynamic response of the system near
resonance using Rayleigh–Ritz method, it is essential to obtain the shape functions of the system corre-
sponding to the mode of excitation. In this step, the ﬁeld equations and the associated electro-mechanical
boundary conditions of the system (free in-plane vibration of rectangular piezoelectric slab with short-
circuited electrodes) have been obtained by using the variational formulation (Eq. (3)) where the linear
electric enthalpy Hlin (Eq. (1)) is exploited and no external work is considered. The linear eigenvalue
problem has been solved in order to obtain the wave numbers and mode shapes (eigenvectors).
(ii) Step 2: The shape functions obtained from Step 1 have been used here in order to obtain the decoupled
nonlinear equation of motion (Ritz discretization). The eigenvectors have been split into functions in
space and time domains. These functions alongwith the expression for electric ﬁeld have been substituted
in the generalized variational expression (Eq. (3)) in order to obtain a single nonlinear diﬀerential equa-
tion with the amplitude of dynamic response as an unknown.
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dimensional form in order to apply the perturbation technique for the solution. The amplitude of
dynamic response and the non-dimensional frequency are expanded with the help of perturbation
parameter e and then substituted in the nonlinear diﬀerential equations. This equation is then separated
into equations of various orders corresponding to coeﬃcients of the exponent of e. The zeroth order
equation is solved to obtain an expression of the amplitude of dynamic response, which is later substi-
tuted in the ﬁrst order equation. It is required that the coeﬃcients of the secular terms should be zero in
order to obtain a bounded solution for the response. This condition leads to a polynomial expression in
terms of the unknown amplitude of dynamic response, an expression which is solved to obtain the non-
linear dynamic response. The dynamic displacement response and the electric ﬁeld values are substituted
in the expression of electric displacement, which is used for determining the value of current ﬂowing
through the piezoelectric slab.
These steps will be used in the following section for obtaining an analytical solution of the rectangular piez-
oceramic slab.
5. Three-dimensional analysis of a rectangular piezoelectric slab
5.1. Step 1: Solution for the shape functions of the linear eigenvalue problem
The variational principle for the free vibration of the linear piezoelectric system can be written asd
Z t1
t0
Z
V
ðT ke  H linÞdV
 
dt ¼ 0: ð5ÞSubstituting Hlin [from (1)] and Tke in (5), three partial diﬀerential equations for motions in three co-ordinate
directions (i.e., x, y and z) are obtained along with the associated boundary conditions. The co-ordinate sys-
tem used in this work for analytical solution of the nonlinear responses of the rectangular piezoelectric slab is
shown in Fig. 1. The displacement degrees of freedom used in the analysis are u, v and w in x, y and z direc-
tions. In this section, the solution of the problem will be discussed for derivation of the shape functions for the
3-D problem corresponding to the ﬁrst in-plane mode of free-free vibration of the rectangular slab. For sim-
pliﬁcation, it will be assumed that the electric ﬁeld is constant in z-direction and the expression for this is given
asFig. 1. 3-D co-ordinate system used for analytical solution of the rectangular piezoelectric slab.
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ð10ÞThese boundary conditions represent the traction free surface conditions (as there are no external mechanical
surface forces acting on the continuum boundaries). The ﬁrst three terms represent the resultant normal forces
(due to the contributions of combined mechanical and electric ﬁelds) acting on the surfaces normal to the x, y
and z axes, respectively, whereas the last six terms represent the resultant shear forces acting on the same sur-
faces. By using the method of separable variables, we writeuðx; y; z; tÞ ¼ Uðx; y; zÞpðtÞ; vðx; y; z; tÞ ¼ V ðx; y; zÞpðtÞ; wðx; y; z; tÞ ¼ W ðx; y; zÞpðtÞ: ð11ÞSubstituting u(x,y,z, t), v(x,y,z, t) and w(x,y, z, t) in (9) and separating the space and time terms, one gets
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pðtÞ ¼ constant ¼ x
2;
c11
o2Uðx; y; zÞ
ox2
þ c66 o
2Uðx; y; zÞ
oy2
þ c55 o
2Uðx; y; zÞ
oz2
þ ðc12 þ c66Þ o
2V ðx; y; zÞ
oxoy
þ ðc13 þ c55Þ o
2W ðx; y; zÞ
oxoz
¼ qx2Uðx; y; zÞ;
ðc21 þ c66Þ o
2Uðx; y; zÞ
oxoy
þ c66 o
2V ðx; y; zÞ
ox2
þ c22 o
2V ðx; y; zÞ
oy2
þ c44 o
2V ðx; y; zÞ
oz2
þ ðc23 þ c44Þ o
2W ðx; y; zÞ
oyoz
¼ qx2V ðx; y; zÞ;
ðc31 þ c55Þ o
2Uðx; y; zÞ
oxoz
þ ðc32 þ c44Þ o
2V ðx; y; zÞ
oyoz
þ c55 o
2W ðx; y; zÞ
ox2
þ c44 o
2W ðx; y; zÞ
oy2
þ c33 o
2W ðx; y; zÞ
oz2
¼ qx2W ðx; y; zÞ:
ð12ÞThe solutions can be assumed asUðx; y; zÞ ¼ u0 sinðk1xÞ cosðk2yÞ cosðk3zÞ; V ðx; y; zÞ ¼ v0 cosðk1xÞ sinðk2yÞ cosðk3zÞ;
W ðx; y; zÞ ¼ w0 cosðk1xÞ cosðk2yÞ sinðk3zÞ;
pðtÞ ¼ sinðxtÞor cosðxtÞðdepending upon the initial conditionÞ:
ð13ÞUpon substituting the assumed solutions into (12), one gets the eigenvalue equationc11k
2
1 þ c66k22 þ c55k23 ðc12 þ c66Þk1k2 ðc13 þ c55Þk1k3
ðc21 þ c66Þk1k2 c66k21 þ c22k22 þ c44k23 ðc23 þ c44Þk2k3
ðc31 þ c55Þk1k3 ðc32 þ c44Þk2k3 c55k21 þ c44k22 þ c33k23
2
64
3
75 u0v0
w0
8><
>:
9>=
>; ¼ qx2
u0
v0
w0
8><
>:
9>=
>;: ð14ÞAfter determining the eigenvalues, one can get the relationship between the wave numbers (i.e., k1, k2 and k3)
and the eigen-frequency x. The assumed solutions must satisfy all the boundary conditions (10) for short-cir-
cuited electrodes [i.e., Ez = 0]. By making use of the boundary conditions, one gets various combinations of
the ﬁve unknowns (i.e., v0=u0, w0=u0, k1, k2 and k3). Hence, u, v and w ﬁnally become the summation of various
combinations of the terms containing ðk1Þi; ðk2Þjandðk3Þk , where i, j and k refer to each possible solution.
Hence u(x,y, z, t), v(x,y, z, t) and w(x,y,z, t) can be written asuðx; y; z; tÞ ¼
X
i¼1;n
X
j¼1;n
X
k¼1;n
u0ijk sinðk1Þix cosðk2Þjy cosðk3ÞkzpijkðtÞ;
vðx; y; z; tÞ ¼
X
i¼1;n
X
j¼1;n
X
k¼1;n
v0ijk cosðk1Þix sinðk2Þjy cosðk3ÞkzpijkðtÞ;
wðx; y; z; tÞ ¼
X
i¼1;n
X
j¼1;n
X
k¼1;n
w0ijk cosðk1Þix cosðk2Þjy sinðk3ÞkzpijkðtÞ:
ð15ÞFor the ﬁrst mode [when length ðlÞ > widthðbÞ > heightðhÞ], the solutions for U(x,y,z), V(x,y,z) and
W(x,y,z) are given byk1 ¼ k2 ¼ k3 ¼ pl ;
v0
u0
¼  c21c33  c31c23
c22c33  c32c23 ;
w0
u0
¼  c21c32  c31c22
c22c32  c22c33 ; ð16Þ
Uðx; y; zÞ ¼ u0 sin pxl
 
cos
py
l
 
cos
pz
l
 
; V ðx; y; zÞ ¼ v0 cos pxl
 
sin
py
l
 
cos
pz
l
 
;
W ðx; y; zÞ ¼ w0 cos pxl
 
cos
py
l
 
sin
pz
l
 
:
ð17ÞThese shape functions will be used further for development of the nonlinear equation of motion as described
below.
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The Ritz method has been used to develop the nonlinear equation from the variational principle (3) and the
displacement functions used in the analysis are represented by (17). These functions are substituted into the
variational equation form of the Hamilton’s principle containing nonlinear enthalpy function Hnonl from
(2). Only the shape functions corresponding to the mode k nearest to the excitation frequency are used in
the solution process. In this paper, the mode shape functions for the ﬁrst in-plane longitudinal vibration mode
of the slab are given by (16) and (17). These functions are used in the Rayleigh–Ritz discretization. After per-
forming the variation of the expression in the Hamilton’s principle with respect to pk(t), one gets the discretized
nonlinear equation of motion asmk€pkðtÞ þ dk _pkðtÞ þ ðcð1Þk þ cð2Þkd _pkðtÞÞpkðtÞ þ ðcð2Þk þ cð3Þk pkðtÞ þ cð3Þkd _pkðtÞÞp2kðtÞ
¼ r1ðf ð1Þk þ f ð2Þk pkðtÞ þ f ð2Þkd _pkðtÞ þ f ð4Þk p2kðtÞ þ 2f ð4Þkd pkðtÞ _pkðtÞÞ þ r2ðf ð1Þkd þ f ð2Þkd pkðtÞÞ þ r2f ð4Þkd p2kðtÞ
þ r21ðf ð3Þk þ f ð5Þk pkðtÞ þ f ð5Þkd _pkðtÞ þ r1f ð6Þk Þ þ r1r2ðf ð3Þkd þ 2f ð5Þkd pkðtÞ þ 3r1f ð6Þkd Þ; ð18Þwhere k = 1,2,3 . . . , r1 ¼ cosXt; r2 ¼ X sinXt andmk ¼ q
Z
X
ðU 2þV 2þW 2ÞdV ; c¼k
Z
X
C1ij S

i S
2
j dV
; dk ¼
Z
X
Cð0Þdij S

i S

j dV
;
cð3Þk ¼
Z
X
ðC21ijS2i S2j þC22ijSi S3j ÞdV ; cð2Þkd ¼
Z
X
2Cð1Þdij S

i S
2
j dV
; cð3Þkd ¼
Z
X
3ðCð2Þd1ij Si S3j þC
ð2Þ
d2ijS
2
i S
2
j ÞdV ;
f ð1Þk ¼
Z
X
dmiCijEmS

j dV
; f ð2Þk ¼
Z
X
c11miE

mS
2
i dV
; f ð3Þk ¼
Z
X
1
2
c12miE
2
m S

i dV
; f ð4Þk ¼
Z
X
c21miE

mS
3
i dV
;
f ð5Þk ¼
Z
X
c22miE
2
m S
2
i dV
; f ð6Þk ¼
Z
X
1
3
c23miE
3
m S

i dV
;
Z
X
ð. . .ÞdV  ¼
Z þh=2
h=2
Z þb=2
b=2
Z þl=2
l=2
ð. . .Þdxdydz;
ð19Þ
where the indices i and j range from 1 to 6, the index m range from 1 to 3 andSi ji¼1;...;6 ¼
oU
ox
oV
oy
oW
oz
oW
oy
þ oV
oz
oW
ox
þ oU
oz
oV
ox
þ oU
oy
 T
;
S2i ji¼1;...;6 ¼
oU
ox
 2 oV
oy
 2 oW
oz
 2 oW
oy
þ oV
oz
 2 oW
ox
þ oU
oz
 2 oV
ox
þ oU
oy
 2" #T
;
S3i ji¼1;...;6 ¼
oU
ox
 3 oV
oy
 3 oW
oz
 3 oW
oy
þ oV
oz
 3 oW
ox
þ oU
oz
 3 oV
ox
þ oU
oy
 3" #T
;
Emjm¼1;...;3 ¼ 0 0 U0h
	 
T
;E2m

m¼1;...;3 ¼ 0 0 U0h
 2h iT
;E3m

m¼1;...;3 ¼ 0 0 U0h
 3h iT
: ð20Þ5.3. Step 3: Uni-dimensionalization and solution of the nonlinear diﬀerential equation by perturbation technique
An approximate solution for the (18) can be found out using Lindstedt–Poincare´ perturbation technique
(Nayfeh and Mook, 1979). One can non-dimensionalize time ass ¼ x0t; ð21Þ
where x0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cð1Þk =mk
q
is the natural frequency of the kth mode of the system and now, (18) can be written asp00 þ eðD þ a1dpÞp0 þ p þ eða1 þ a1p þ a1dp0Þp2
¼ eh12ðqþ a2p þ a2dp0 þ a2p2 þ 2a2dpp0Þ þ egh21ðqd  a2dp  a2dp2Þ
 e2gh12h21ða3d þ 2a3dpÞ þ e2h212ða3 þ a3p þ a3dp0Þ þ e3h212ða4h12  3a4dgh21Þ;
ð22Þ
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os
; g ¼ X
x0
; D ¼ dk
mkx0e
; a1 ¼
cð2Þk
mkx20e
; a1 ¼ c
ð3Þ
k
mkx20e
; a1d ¼
cð2Þkd
mkx0e
; a1d ¼ c
ð3Þ
kd
mkx0e
;
q ¼ f
ð1Þ
k
mkx20e2
; qd ¼ 
f ð1Þkd
mkx0e
; a2 ¼
f ð2Þk
mkx20e
; a2d ¼
f ð2Þkd
mkx0e
; a3 ¼
f ð3Þk
mkx20e2
; a3d ¼
f ð3Þkd
mkx0e2
;
a2 ¼ f
ð4Þ
k
mkx20e
; a2d ¼ f
ð4Þ
kd
mkx0e
; a3 ¼ f
ð5Þ
k
mkx20e2
; a3d ¼ f
ð5Þ
kd
mkx0e2
; a4 ¼ f
ð6Þ
k
mkx20e3
; a4d ¼ f
ð6Þ
kd
mkx0e3
;
h12 ¼ h1 cos gsþ h2 sin gs; h21 ¼ h2 cos gsþ h1 sin gs; h21 þ h22 ¼ 1:
ð23ÞThe coeﬃcients h1 and h2 are introduced in order to allow for a phase shift between the excitation and the
response of the system due to the presence of damping. The parameter e is called the perturbation parameter
and can be chosen arbitrarily. But, it should be very small, e.g., 0.001. Now, the Lindstedt–Poincare´ method is
used with the following expansion for p and g.p ¼ p0 þ ep1 þ    ; g ¼ g0 þ eg1 þ    ð24Þ
Substituting (24) in (22) and collecting the coeﬃcients for e0 and e1, we writep000 þ g2p0 ¼ 0;
p001 þ g2p1 ¼ ð2g1  a1dp00Þp0  Dp00  ða1 þ a1p0 þ a1dp00Þp20 þ gh21ðqd  a2dp0  a2dp20Þ
þ h12ðqþ a2p0 þ a2dp00 þ 2a2dp0p00 þ a2p20Þ:
ð25ÞThe solution of ﬁrst part of (25) can be written asp0 ¼ A cos gs; ð26Þ
where the amplitude A is unknown. By substituting (26) for p0 and by imposing the requirement that the sec-
ular terms in second part of (25) should be zero (i.e., terms with sin g s and cos g s) (Nayfeh and Mook, 1979),
one gets two coupled equations in h1 and h2 as2g1A
3
4
a1A
3
 
þ qþ 3
4
a2A
2
 
h1 þ qd þ
1
4
a2dA
2
 
gh2 ¼ 0
DgAþ 1
4
a1dgA
3
 
þ qd 
3
4
a2dA
2
 
gh1 þ qþ 1
4
a2A
2
 
h2 ¼ 0:
ð27ÞWhen one combines h1 and h2 (i.e., h
2
1 þ h22 ¼ 1), this relation reduces to a polynomial equation in the un-
known stationary amplitude A, i.e.,ða21 þ a22 ÞA10 þ ð2a1b1  2a2b2  a23 ÞA8 þ ðb21 þ b22 þ 2a1c1 þ 2a2c2  2a3b3ÞA6
þ ð2b1c1  2b2c2  b23  2a3c3ÞA4 þ ðc21 þ c22  2b3c3ÞA2  c23 ¼ 0;
ð28Þwhere the terms in the coeﬃcients are given bya1 ¼
3
16
a1a2 þ 1
16
a1da2dg
2
 
; a2 ¼
9
16
a1a2dg 3
16
a2a1dg
 
; a3 ¼
3
16
a42 þ
3
16
a22dg
2
 
;
b1 ¼
3
4
qa1  1
2
g1a2 
1
4
a1dqdg
2 þ 1
4
a2dDg2
 
; b2 ¼
3
2
gg1a2d þ
3
4
a1qdgþ
1
4
a1dqgþ 3
4
a2Dg
 
;
b3 ¼ ðqa2  a2dqdg2Þ; c1 ¼ ðqdDg2 þ 2qg1Þ; c2 ¼ ð2gg1qd  qDgÞ; c3 ¼ ðq2 þ q2dg2Þ:
ð29ÞThe roots of the polynomial represent the solutions for the stationary amplitudeA. In the region of the response
curve where jump phenomena is observed, three real roots and two imaginary roots arise. The three real roots
correspond to sweep up (SU), sweep down (SD) and unstable (not observed in the experiment) frequency
responses respectively. At other regions, the polynomial will have only one real root and four imaginary roots
and hence there is a unique response for both SU and SD analysis. The total response corresponding to the ser-
ies expansion of p is given by (neglecting higher order terms like sin 2gs; cos 2gs; sin 3gs and cos 3gs)
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e
2g2
ða1A2 þ h1a2A h1a2dAþ h2ga2dAÞ: ð30ÞThe above generalized analytical solution can be used for obtaining the nonlinear displacement and current
responses of a piezoceramic rectangular slab for the in-plane free–free vibration for both sweep up and sweep
down method of frequency sweep. After the amplitude of displacement is calculated, current ﬂowing through
the piezoceramic can be calculated following the method for current calculation as described below.5.4. Calculation of current ﬂowing through the piezoceramic slab
The current ﬂowing through the piezoelectric slab can be calculated using the expression for the electric
displacement asIðtÞ ¼
Z
As
oDzðtÞ
ot
dAs; ð31Þwhere As is the area through which current is ﬂowing and z is the thickness direction which is perpendicular to
the in-plane area As of the slab (Fig. 1). The electric displacement vector Dz can be calculated from the general-
ized nonlinear electric enthalpy density function asfDg ¼  oHnonl
ofEg : ð32Þ6. Results and discussion
Experiments have been conducted on a rectangular piezoelectric slab of PIC 255 piezoceramic. Fig. 2 shows
the rectangular slabs with the wires attached to the top and bottom faces of the slab that are coated with elec-
trode material. The electric ﬁeld is applied along the thickness and the vibration amplitude of the slab is mea-
sured at the end of its length by using a laser vibrometer. The rectangular slabs are excited close to their
resonance frequencies in two ways (i.e., SU and SD) to observe the jump phenomena. The current ﬂowing
through the piezoelectric slab is found by measuring the potential drop across a known resistance. The dimen-
sions of the slab are: length l = 70 mm, width b = 25 mm and thickness h = 4 mm. Experiments were also car-
ried out at several electric ﬁeld strengths starting from 0.75 to 7.5 V/mm in order to study the eﬀect of electric
ﬁeld strength on the nonlinear response.6.1. Comparison of theoretical natural frequency with that of experiment
The natural frequencies of the free–free vibration have been obtained by applying a very small electric ﬁeld
of 0.75 V/mm where the response of the system is linear. The material properties for the piezoceramic are giv-
en in Appendix A. The natural frequencies corresponding to the maximum amplitude of vibration are com-Fig. 2. Free–Free rectangular slab of PIC 255.
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cð1Þk =mk
q
where ck and
mk are given by (19).
It may be noted that the theoretical calculations match very well with those of experimental values (Table
1). Having compared the natural frequencies, the nonlinear dynamic response of the piezoceramic slab is pre-
sented in the next section.6.2. Comparison of theoretical and experimental dynamic responses
The nonlinear material properties used in the analysis are given in Appendix A. These material properties
have been obtained by optimization of the closed form solutions of simple geometries with experimental
results and the details are given elsewhere (Parashar and von Wagner, 2004; Samal, 2003). Experiments have
been conducted at diﬀerent electric ﬁeld amplitudes ranging from 0.75 to 7.5 V/mm. The results of 3-D the-
oretical analysis at the minimum and maximum electric ﬁeld amplitudes of the experimental range (viz., 7.5
and 0.75 V/mm) have been presented here ﬁrst. Figs. 3 and 4 show the variation of displacement and current
amplitudes with frequency at the electric ﬁeld amplitude of 7.5 V/mm and Figs. 5 and 6 show the same at the
electric ﬁeld amplitude of 0.75 V/mm. The results of linear analysis and nonlinear analysis have been com-
pared with those of experiment.
It was found that at a low electric ﬁeld (i.e., 0.75 V/mm), the response was almost linear whereas at a rel-
atively high electric ﬁeld (i.e., 7.5 V/mm), signiﬁcant nonlinearities (e.g., the response curves bend leftwards:
signifying the softening behavior) in the response were observed. For the intermediate range of electric ﬁelds,
we present here the solutions for two diﬀerent electric ﬁeld amplitudes (viz., 2.5 and 5 V/mm). Figs. 7 and 8
show the displacement and current responses for the linear and nonlinear solutions and also the comparison
with experimental results. It can be observed that the backbone curve (curve obtained by joining the pickTable 1
Comparison of theoretical and experimental natural frequencies for the ﬁrst in-plane free–free vibration modes of the rectangular slab
Material Theoretical frequency (kHz) Experimental frequency (kHz)
PIC 255 19.550 19.554
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Fig. 3. Displacement response of PIC 255 slab for the sinusoidal electric ﬁeld of 7.5 V/mm peak amplitude.
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Fig. 4. Current response of PIC 255 slab for the sinusoidal electric ﬁeld of 7.5 V/mm peak amplitude.
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Fig. 5. Displacement response of PIC 255 slab for the sinusoidal electric ﬁeld of 0.75 V/mm peak amplitude.
M.K. Samal et al. / International Journal of Solids and Structures 44 (2007) 4656–4672 4667amplitudes for each electric ﬁeld) for linear analysis remains vertical (i.e., no softening) whereas for the non-
linear analysis, it bends towards the lower frequency region. It can also be observed that the analytical formu-
lation has been able to satisfactorily simulate both the displacement and current responses for the whole
experimental range.
The material under consideration (i.e., PIC 255) has a relatively higher damping property. Hence, the SU
and SD frequency response curves are nearly the same. However, for materials having low damping proper-
ties, the SU and SD responses can be signiﬁcantly diﬀerent and one can observe the typical jump phenomena,
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Fig. 6. Current response of PIC 255 slab for the sinusoidal electric ﬁeld of 0.75 V/mm peak amplitude.
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Fig. 7. Comparison of displacement responses of PIC 255 slab for both linear and nonlinear theories at diﬀerent electric ﬁeld amplitudes.
4668 M.K. Samal et al. / International Journal of Solids and Structures 44 (2007) 4656–4672which is a characteristic of piezoelectric nonlinearity. Fig. 9 shows the results of analysis of a piezoelectric rect-
angular slab (of PIC 181 material, the details of which can be found in Samal et al., 2006b) when excited by an
electric ﬁeld of 7.5 V/mm amplitude. This material has low damping property (the current amplitude response
is signiﬁcantly high compared to that of PIC 255 slab for the same applied electric ﬁeld, signifying a low elec-
trical resistance for PIC 181 slab (Samal, 2003)). It can be observed that the SU and SD responses are com-
pletely diﬀerent. The nonlinear solution compares well with the experimental response, whereas the linear
response is completely diﬀerent. Again, the linear solution predicts the same path for SU and SD response
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Fig. 8. Comparison of current responses of PIC 255 slab for both linear and nonlinear theories at diﬀerent electric ﬁeld amplitudes.
Fig. 9. Comparison of displacement response of PIC 181 slab for both linear and nonlinear theories at an applied electric ﬁeld of 7.5 V/mm
peak amplitude.
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are highly recommended for prediction of accurate response behavior of piezoelectric components acting
under such conditions.7. Conclusion
In this work, a 3-D analytical solution technique for the nonlinear frequency response of a rectangular piez-
oceramic slab (for the ﬁrst in-plane free–free vibration mode) based on a generalized 3-D nonlinear electric
enthalpy density function as well the virtual work due to dissipative damping forces (incorporating higher
4670 M.K. Samal et al. / International Journal of Solids and Structures 44 (2007) 4656–4672order nonlinear terms, viz., quadratic and cubic) has been developed. The analytical solution technique uses
Rayleigh–Ritz discretization of the governing equation and Lindstedt–Poincare´ method for further solution
by perturbation technique. Experiments have been conducted on a rectangular piezoceramic slab. The closed
form solutions obtained in this work compare well with the experimental results. It was observed that the non-
linear theory is essential in order to predict the softening behavior (i.e., bending of the backbone curve and
nonlinear variation of response with respect to electric ﬁeld amplitude) accurately as observed in the experi-
ments. Hence, the 3-D nonlinear analytical solution technique developed in this work will be very useful to
design and optimize various piezoelectric systems such as active vibration control devices and ultrasonic
motors etc.Acknowledgements
The authors gratefully acknowledge the ﬁnancial support received from Aeronautics Research and Devel-
opment Board and Department of Science and Technology, India for this project.Appendix A. Material properties of PIC 255 rectangular slab
2 3SEijj i ¼ 1; . . . ; 6
j ¼ 1; . . . ; 6
¼
1:7160 0:4842 0:7050 0 0 0
0:4070 1:6170 0:7050 0 0 0
0:7050 0:7050 2:0700 0 0 0
0 0 0 5:2370 0 0
0 0 0 0 5:2370 0
0 0 0 0 0 4:2020
666666664
777777775
 1011 m2=Ndmijm ¼ 1; . . . ; 3
i ¼ 1; . . . ; 6
¼
0 0 0 0 5:00 0
0 0 0 5:00 0 0
1:65 1:65 4:00 0 0 0
2
64
3
75 1010 m=voltC21ij j i ¼ 1; . . . ; 6
j ¼ 1; . . . ; 6
¼ 
1:3000 0:6380 0:6600 0 0 0
0:6380 1:3000 0:6600 0 0 0
0:6600 0:6600 1:1532 0 0 0
0 0 0 0:2781 0 0
0 0 0 0 0:2781 0
0 0 0 0 0 0:3466
2
666666664
3
777777775
 1018 N=m2Cð0Þd j i ¼ 1; . . . ; 6
j ¼ 1; . . . ; 6
¼ 
5670 2783 2879 0 0 0
2783 5670 2879 0 0 0
2879 2879 5030 0 0 0
0 0 0 1213 0 0
0 0 0 0 1213 0
0 0 0 0 0 1512
2
666666664
3
777777775
N s=m
M.K. Samal et al. / International Journal of Solids and Structures 44 (2007) 4656–4672 4671Cð2Þd1 j i ¼ 1; . . . ; 6
j ¼ 1; . . . ; 6
¼ 
4:1000 2:0121 2:0817 0 0 0
2:0121 4:1000 2:0817 0 0 0
2:0817 2:0204 3:6372 0 0 0
0 0 0 0:8772 0 0
0 0 0 0 0:8772 0
0 0 0 0 0 1:0932
2
666666664
3
777777775
 1012 N s=m2
c21mi jm ¼ 1; . . . ; 3
i ¼ 1; . . . ; 6
¼
0 0 0 0 1:2745 0
0 0 0 1:2745 0 0
0:5987 0:6897 2:1407 0 0 0
2
64
3
75 108 N=m=volt
c0dim j i ¼ 1; . . . ; 6
m ¼ 1; . . . ; 3
¼
0 0 0:2169
0 0 0:2499
0 0 0:7756
0 0:4617 0
0:4617 0 0
0 0 0
2
666666664
3
777777775
 106 N s=m=volt
cð1Þ2dim j i ¼ 1; . . . ; 6
m ¼ 1; . . . ; 3
¼
0 0 0:1784
0 0 0:2055
0 0 0:6379
0 0:3798 0
0:3798 0 0
0 0 0
2
666666664
3
777777775
N s=m=voltReferences
Beige, H., Schmidt, G., 1982. Electromechanical Resonances for investigating linear and nonlinear properties of Dielectrics. Ferroelectrics
41, 39–49.
Davı´, F., Mariano, P.M., 2001. Evolution of domain walls in ferroelectric solids. Journal of the Mechanics and Physics of Solids 49 (8),
1701–1726.
Dube, G.P., Kapuria, S., Dumir, P.C., 1996. Exact piezothermoelastic solution of simplysupported orthotropic ﬂat panel in cylindrical
bending. International Journal of Mechanical Science 38 (11), 1161–1177.
Heyliger, P., Brooks, S., 1996. Exact solutions for laminated piezoelectric plates in cylindrical bending. Transactions of ASME Journal of
Applied Mechanics 63 (4), 903–910.
Huber, J.E., Fleck, N.A., Landis, C.M., McMeeking, R.M., 1999. A constitutive model for ferroelectric polycrystals. Journal of the
Mechanics and Physics of Solids 47 (8), 1663–1697.
Huber, J.E., Fleck, N.A., 2001. Multi-axial electrical switching of a ferroelectric: theory versus experiment. Journal of the Mechanics and
Physics of Solids 49 (4), 785–811.
IEEE standard, 1988. IEEE standards on piezoelectricity. ANSI/IEEE standard, The Institute of Electrical and Electronic Engineers, New
York.
Kessler, H., Balke, H., 2001. On the local and average energy release in polarization switching phenomena. Journal of the Mechanics and
Physics of Solids 49 (5), 953–978.
Landau, L.D., Lifshitz, E.M., 1984. Electrodynamics of Continuous Media. Pergamon Press, New York.
Landis, C.M., 2002. Fully coupled, multi-axial, symmetric constitutive laws for polycrystalline ferroelectric ceramics. Journal of the
Mechanics and Physics of Solids 50 (1), 127–152.
Nayfeh, A.H., Mook, D., 1979. Nonlinear Oscillations. Willey publications, New York.
Neumann, N., 2002. Nichtlineare Eﬀekte bei La¨ ngsschwingungen axial polarisierter piezokeramischer Sta¨ be: Experimentelle
Untersuchungen und Parameteridentiﬁkation. Diplomarbeit, Institut fu¨r mechanik, Technische Universita¨t Darmstadt.
Pagano, N.J., 1970. Exact solutions for rectangular bidirectional composites and sandwich plates. Journal of Composite Materials 4, 20–
24.
Parashar, S.K., von Wagner, U., 2004. Nonlinear longitudinal vibrations of transversely polarized piezoceramics: experiments and
modeling. Nonlinear Dynamics 37, 51–73.
4672 M.K. Samal et al. / International Journal of Solids and Structures 44 (2007) 4656–4672Ray, M.C., Rao, K.M., Samanta, B., 1992. Exact analysis of coupled electroelastic behaviour of a piezoelectric plate under cylindrical
bending. Computers and Structures 45 (4), 667–677.
Ray, M.C., Rao, K.M., Samanta, B., 1993a. Exact solution for static analysis of an intelligent structure under cylindrical bending.
Computers and Structures 47 (6), 1031–1042.
Ray, M.C., Bhattacharya, R., Samanta, B., 1993b. Exact solutions for static analysis of intelligent structures. AIAA Journal 31 (9), 1684–
1691.
Ray, M.C., Bhattacharya, R., Samanta, B., 1998a. Exact solutions for dynamic analysis of composite plates with distributed piezoelectric
layers. Computers and Structures 66 (6), 737–743.
Ray, M.C., 1998b. Closed-form solution for optimal control of laminated plate. Computers and Structures 69, 283–290.
Samal, M.K., 2003. Modelling of nonlinear behaviour of piezoelectric materials under weak electric ﬁelds. Masters Thesis, Department of
Mechanical Engineering, Indian Institute of Technology Bombay.
Samal, M.K., Seshu, P., Parashar, S.K., von Wagner, U., Hagedorn, P., Dutta, B.K., Kushwaha, H.S., 2006a. Nonlinear behaviour of
piezoceramics under weak electric ﬁelds, Part-I: 3-D ﬁnite element formulation. International Journal of Solids and Structures 43,
1422–1436.
Samal, M.K., Seshu, P., Parashar, S.K., von Wagner, U., Hagedorn, P., Dutta, B.K., Kushwaha, H.S., 2006b. Nonlinear behaviour of
piezoceramics under weak electric ﬁelds, part-II: numerical results and validation with experiments. International Journal of Solids and
Structures 43, 1437–1458.
von Wagner, U., Hagedorn, P., 2002. Piezo-beam-systems subjected to weak electric ﬁeld: experiment and modelling of nonlinearities.
Journal of Sound and Vibration 256 (5), 861–872.
von Wagner, U., 2003. Non-linear longitudinal vibrations of piezoceramics excited by weak electric ﬁelds. International Journal of Non-
Linear Mechanics 38, 565–574.
Wolf, K., Gottlieb, O., 2001. Nonlinear dynamics of a cantilever beam actuated by piezoelectric layers in symmetric and asymmetric
conﬁguration. Technical Report No. ETR-2001-02, Faculty of Mechanical Engineering, Israel Institute of Technology, Israel.
Xu, K.M., Noor, A.K., Tang, Y., 1995. Three-dimensional solutions for coupled thermoelectroelastic response of multilayered plates.
Computer Methods in Applied Mechanics and Engineering 126, 355–371.
